A Brief Introduction to Conic Sections
The purpose of this document is to introduce the student to the four most common types of conic sections (or just conics) – the circle, the ellipse, the hyperbola, and the parabola.  For the purposes here, all conic sections will be centered at the origin.  Equations are in standard form and graphs are presented in a more informal “sketching” manner.

What Do the Conics Look Like?

Before we look at the equations of the four main conic sections, it would help to identify the shapes associated with the conic names.

For starters, an ellipse looks like an oval.  When an ellipse is “tall and skinny” (Fig. 1), it is said to have a vertical major axis.  When one is “short and fat” (Fig. 2), it has a horizontal major axis.  A circle (Fig. 3) is actually a special ellipse in which the vertical and horizontal axes are of the same length (this is the diameter of the circle).
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Fig. 1
Fig. 2
Fig. 3

A parabola is a U-shaped curve that can open up, down, right, or left (Fig. 4-7, respectively).
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Fig. 4
Fig. 5
Fig. 6
Fig. 7

The last shape is the hyperbola, which looks a little like two parabolas opening in opposite directions.  To be clear, they are not parabolas since the ends of the branches approach two intersecting lines (a parabola does not have a linear end-behavior).  Hyperbolas can open up and down (Fig. 8) or left and right (Fig. 9).
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Fig. 8
Fig. 9

It’s All About Quadratics

A quadratic equation in two variables is any equation that can be written in the form

Ax 2 + Bxy + Cy 2 + Dx + Ey + F = 0

Simplistically speaking, the squared terms determine the type of conic (here, we will always assume B = 0):
· If A = C, the result is a circle.

· If A ( C and both are the same sign, the result is an ellipse.
· If A and C have different signs, the result is a hyperbola.

· If there is only one squared term, the result is a parabola.
Here are a few common examples:
· x 2 + y 2 = 9 is a circle (A = C = 1)
· x 2 + 4y 2 = 16 is an ellipse (A = 1, C = 4)

· 9x 2 ( 4y 2 = 36 is a hyperbola (A = 9, C = (4)

· y 2 + 4x = 0 is a parabola (A = 0, C = 1)
How to Graph Conics Centered at the Origin

To sketch the graph of an ellipse (or circle) equation written in standard form, it is easiest to graph the x- and y-intercepts and draw the desired shape.

Let’s look at the equation x 2 + 4y 2 = 16 (the same ellipse equation from the previous section).  If we let y = 0 and solve for x, the result is x = (4.  Therefore, the x-intercepts are ((4, 0) and (4, 0).  Similarly, when x = 0, y = (2 and the y-intercepts are (0, (2) and (0, 2).
Now graph the intercepts (Fig. 10).  Since we know that the shape is an ellipse, simply sketch the oval-shaped curve through these intercepts (Fig. 11).  For the record, these intercepts are often referred to as the vertices of the ellipse.
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Fig. 10
Fig. 11

An alternative approach is to rewrite the original equation so that it is equal to 1.  For the example here, we would divide every term by 16 to get
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From the center (the origin) move left and right the square root of the value under the x 2 term (
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).  This will find the endpoints of the horizontal axis, which are also the vertices.  Then take the square root of the value under the y 2 term and move up and down that many units from the center (
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).  This will be the vertical axis and other set of vertices.  From there, sketch the ellipse as before.
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As mentioned above, graphing circles can be done exactly the same way as with ellipses.  Equations are usually written in the standard form
x 2 + y 2 = r 2,

where r is the radius of the circle.  As an example, the equation

x 2 + y 2 = 9 would be a circle centered at the origin with a radius of 
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 (Fig. 12).
Sketching the graph of a hyperbola is somewhat similar to graphing an ellipse in that you locate points on the axes from the equation (only one pair will be intercepts/vertices).
Let’s look at the equation 9x 2 ( 4y 2 = 36.  Notice that if y = 0, there are x-intercepts at ((2, 0) and (2, 0).
The difference from the ellipse occurs when we try to let x = 0.  You then get y 2 = (9, which has an imaginary solution and therefore not part of our hyperbola.  The trick is to ignore the negative sign, then solve to get y = (3.  While this is not part of the hyperbola, go ahead and graph the location on the y-axis (Fig. 13).
The next step is to draw a rectangle with the top and bottom passing through the y-axis location and the sides through the x-axis locations (Fig. 14).  Now draw two lines that intersect at the origin and pass through the corners of the box (Fig. 15).  These are the hyperbolas asymptotes.

Finally, sketch the hyperbola starting with the real intercepts and “hugging” the asymptotes (Fig. 16).
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Fig. 13
Fig. 14
Fig. 15
Fig. 16
An alternative approach is to do what was done with the ellipse – rewrite the original equation so that it is equal to 1.  For the example here, we would divide every term by 16 to get
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From the center (the origin) move left and right the square root of the value under the x 2 term (
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).  Then take the square root of the value under the y 2 term and move up and down that many units from the center (
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).  These four points will allow you to sketch the box needed for the vertices.  To decide if the hyperbola opens left/right or up/down, look for the positive squared term:

· If the x 2 is positive (A > 0), the hyperbola will open left and right.

· If the y 2 is positive (C > 0), the hyperbola will open up and down.

Sketching the graph of a parabola is different from the other conics, but it is very similar to the work already completed with quadratic functions (you have already graphed parabolas that open up or down).  The easiest way to sketch any parabola is to solve it for the linear variable, decide which way it opens, and plot a few points based on the skills learned earlier.  Here are the scenarios after solving for the linear variable (assume k > 0):

· y = kx 2 will have its vertex at the origin and open up.
· y = (kx 2 will have its vertex at the origin and open down.

· x = ky 2 will have its vertex at the origin and open right.

· x = ky 2 will have its vertex at the origin and open left.

Let’s try the example given earlier, y 2 + 4x = 0.  Start by solving for the linear variable, x.
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We can see that this parabola will therefore be centered at the origin and open to the right.  Plug in a couple of points into y and solve for x to get a few other points on the parabola (you can use symmetry or the concepts of transformations as well).  Here, if y = (2, we get x = 1.  If y = (4, we get x = 4.  Graph these points (Fig. 17) and then drawn the parabolic curve (Fig. 18).

 
[image: image24.png]



[image: image25.png]




Fig. 17
Fig. 18

In Conclusion…

As a reminder, this is only meant to be an introduction to the four basic conic sections.  There are many other topics including those not centered at the origin, the foci of ellipses and hyperbolas, the focus and directrix of a parabola, and the degenerate cases.  All of these concepts will be explored in the next mathematics course, but a solid understanding of what is presented here will make you work easier then!
Fig. 12
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