Finding Maximum and Minimum Values of a Polynomial Function

One of the first uses of calculus was to identify extreme values (maxima and minima) of a function.  The purpose of this activity is to demonstrate a technique for finding such extreme values in any polynomial function.

The first thing we need to know is how to find the derivative (often denoted as y() of a polynomial function, and this can be done using something called the Power Rule.  It says for any given monomial in the form y = axn, its derivative is y( = nax(n – 1).  A special case shows the derivative of a constant is zero.

For example,

	If the polynomial function is…
	its derivative would be…

	y = 5x4
	y( = 20x3

	y = x3 – x + 7
	y( = 3x2 – 1

	y = 24x + x 7
	y( = 24 + 7x6

	y = 4x2 – 9x + 2
	y( = 8x – 9


It turns out that extreme values in a polynomial can only happen when the derivative is equal to zero (these zeros are called critical points).  It should be noted, however, that there might be other points where the derivative is zero that are not maxima or minima.

This gives a process for finding exactly where maximum and minimum values occur in a polynomial:

a)
Find the derivative of your polynomial function.

b)
Set the derivative equal to zero and solve (these domain values are the critical points).

c)
Graph your original function and compare to your critical points.

d)
Substitute the critical points into the function to get the corresponding extreme value.

Example 1:
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Suppose the quadratic function y = 4x2 + 5x – 3.  Find its extreme value and use this information to find the parabola’s vertex.

a)
Derive to get y( = 8x + 5.

b)
Solve for the critical point:  8x + 5 = 0  (  x = (5/8.

c)
From the graph, we can tell a minimum occurs at x = (5/8.

d)
The minimum value is y((5/8) = (73/16.

Therefore, the vertex is ((5/8, (73/16). 

Example 2:

Suppose the cubic function y = x3 – 12x.  Locate and identify all extreme values.
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a)
Derive to get y( = 3x2 – 12.

b)
Solve for the critical points:  3x2 – 12 = 0  (  x2 = 4  (  x = (2.

c)
From the graph, we can tell a maximum occurs at x = (2 and a minimum occurs at x = 2.

d)
The maximum value is y((2) = 16 and the minimum value is y(2) = (16.

There is a maximum at ((2, 16) and a minimum at (2, (16).

Example 3:

Find all extreme values for y = x3.
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a)
Derive to get y( = 3x2.

b)
Solve for the critical points:  3x2 = 0  (  x = 0.

c)
From the graph, we can tell that no extreme value occurs at x = 0.

Remember that critical points don’t guarantee extreme values (as is the case here), but extreme values can only occur at critical points.

You Try!

Find all extreme values for the following functions using derivatives.
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