Finding Determinants
The purpose of this document is to show how to find the determinant of any square matrix.  It should be noted that while many resources label the determinant of matrix A as det(A), the following information uses the notation |A| instead. 

The 2(2 Case
With exception to the trivial 1(1 matrix (whose determinant is equal to its single entry), the determinant of any square matrix is based on the determinant of the 2(2 matrix.  This is convenient since most examples in class involve 2(2 matrices!  If we assume matrix A as
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then the determinant of A is defined as
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The Special 3(3 Case
Finding the determinant of a 3(3 matrix is also a common task in algebra.  While the general case (shown next) works for the 3(3 case, there is a convenience “shortcut” technique.  Let’s look at a general matrix written so that its entries identify the position in the matrix:
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Begin by copying the three columns in the matrix as written, then add the first two columns again to the right.
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The Special 3(3 Case (continued)
Starting at the top-left, make a diagonal moving down and right.  Find the product of those entries.
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Move the diagonal right one position and find the product of those entries.  Then move once more to the right and find the product of the last diagonal.
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Now start in the bottom-left and make a diagonal moving up and right.  Just as before, find the product of those entries.  Move the diagonal right one position and find the product of those entries.  Finally, move once more to the right and find the product of the last diagonal.
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To calculate the determinant, add the first three products to the negatives of the last three products.  Stated other way, 

[image: image11.wmf](

)

(

)

(

)

(

)

(

)

(

)

1,12,23,31,22,33,11,32,33,2

3,12,21,23,22,31,13,32,11,2

Aaaaaaaaaa

aaaaaaaaa

=××+××+××

-××-××-××


This might not seem like such a shortcut, but the technique is rather quick when dealing with numerical entries.
The General Case – Part 1
A technique called expansion by minors can be used to find the determinant of any square matrix.  The basic idea is to expand the original determinant into a series of smaller determinants until you get to the 2(2 case.  Let’s start with one version of the technique, and then generalize it later.  Suppose the 3(3 matrix
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Highlight the first row and first column.
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The first term in the expanded calculation will use the product of the entry in the highlighted row and column (a1,1) and the determinant of the non-highlighted entries.
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Now move the highlighted column right one space.  The second term in the expanded calculation will use the product of the entry in the highlighted row and column (a1,2) and the determinant of the non-highlighted entries.
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Move the column one more time to the right and repeat the process for the third term.
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The General Case – Part 1 (continued)
The determinant of A can then be expanded by alternating the signs of the three terms (let the first one be positive in this case) and then finding that sum:
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Of course, you would then need to evaluate each of the 2(2 determinants using the definition from earlier.

The General Case – Part 2
So what happens if the original matrix is larger than 3(3?  You actually do the exact same technique, only the first expansion will have determinants larger that 2(2 and would require more expansion.  For example, the 4(4 case would look like this after the first expansion:
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The second expansion would require expanding each of the four remaining 3(3 matrices.  For example, the first term from the first expansion would be expanded again to


[image: image21.wmf]2,22,32,4

3,33,43,23,43,23,3

1,13,23,33,41,12,22,32,4

4,24,44,24,44,24,3

4,24,34,4

aaa

aaaaaa

aaaaaaaa

aaaaaa

aaa

æö

×=××-×+×

ç÷

ç÷

èø

.
Needless to say, the number of calculations required for any sizable determinant can quickly become cumbersome.  The next section describes a few variations in the technique that can be used make the computations less burdensome.

The General Case – Part 3
As stated so far, the expansion by minors technique started with the first row and column and then moved the column.  It turns out that you can actually start with any row and any column.  You can also choose to slide the chosen row instead of the column.  As long as you slide the chosen row/column to include all of the other rows/columns, you will get the same result.
The only difference involves the signs for each term in the expansion.  As stated earlier, the signs of each term alternated after starting with a positive term.  If you choose a different initial row and/or column, the signs will still alternate, but you may need to start with a negative.

Luckily, there is a simple pattern to help decide which sign to use.  Observe the following matrix with alternating + and ( signs:
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Compare the entry from the overlapped row and column in the expansion to that in the matrix above.  If the entry corresponds to a + sign, the term will be positive.  If the entry corresponds to a ( sign, the term needs to be negated.

Why bother?  It turns out that if you can find a row or column with several zero entries, there will be several terms that end up becoming zero in the expansion.  For example, the determinate below would require three expansions with over twenty terms if calculated using the first row and column.  If the last row and first column were used, the three expansions would only require three calculations! 
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Example 1
Find the determinant of 
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Use the definition for 2(2 determinants to evaluate.
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Example 2
Use the shortcut to evaluate 
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Start by writing the entries with the first two columns repeated.
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Find the products of the needed diagonals.
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The determinant cal then be calculated as

[image: image30.wmf]402

13512003600

601

24

=++---

=-


Example 3
Use expansion by minors to evaluate 
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Since the second column contains two zeros, chose it along with the first row to find the 
first term of the expansion.
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Slide the row down one for the second term.  Slide it again for the third term.
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Referring to the matrix with the + and ( signs, the second column’s terms correspond 
to the pattern (, +, (.  Therefore, the first term in the expansion needs to be negated.
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Notice that this result matches the one from the shortcut technique in Example 2.
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