Finding Inverse Matrices
The purpose of this document is to show how to find the inverse of any non-singular square matrix (recall that a singular matrix is one in which the determinant is 0).  It is assumed that the reader is familiar with the concepts of determinants, augmented matrices and elementary row operations.
The Special 2(2 Case
Since most examples in class involve the 2(2 matrix, it is worth defining a “shortcut” rule for finding the inverse of such a matrix.  Let’s assume matrix A as
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First, test to see if A is invertible (or non-singular).  To do so, calculate its determinant, |A|.  If the determinant is any non-zero value, A will have an inverse.  If |A| = 0, then A is singular and will not have an inverse.  In other words, evaluate
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Once you have established A has an inverse, it can be found using the formula
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The General Case
To find the inverse of any square matrix (including the 2(2 case), you can use elementary row operations on an augmented matrix consisting of the original matrix and the identity matrix on the same dimensions.  Assuming A is the original matrix and I is the identity matrix, use the following process:

· Create the augmented matrix [ A  I ].

· Use the elementary row operations to write the augmented matrix in reduced row echelon form.

· If the resulting matrix is of the form [ I  B ], then B = A (1.  Otherwise, A is not invertible.

Example 1
Find the inverse of 
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Notice A is 2(2, so use the shortcut technique.  Evaluate the determinant as
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Since |A| = 0, matrix A is singular and therefore has no inverse.
Example 2
Find the inverse of 
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Again, the shortcut technique can be applied.  Evaluate the determinant as
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Since |A| ( 0, A is invertible and its inverse can then be calculated as

[image: image8.wmf]1

452/35/6

1

211/31/6

6

A

-

----

éùéù

=×=

êúêú

ëûëû

.
Example 3
Use the general case technique to find the inverse of 
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Start with the augmented matrix 
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Use the elementary row operations to write the augmented matrix in reduced row echelon 
form.


[image: image11.wmf](

)

(

)

(

)

122

2

211

15101510

2

24010621

1510

(1/6)

011/31/6

102/35/6

5

011/31/6

RRR

R

RRR

éùéù

Þ+®

êúêú

--

ëûëû

éù

Þ

êú

ëû

--

éù

Þ-+®

êú

ëû



The resulting matrix is in the form [ I  B ], so B = A (1 and
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Notice that this result matches the one from the shortcut technique in Example 2.

Example 4
Find the inverse of 
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Start with the augmented matrix 
[image: image14.wmf]012100

103010

438001

éù

êú

êú

-

êú

ëû

.

Use the elementary row operations to write the augmented matrix in reduced row echelon 
form.
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The resulting matrix is in the form [ I  B ], so B = A (1 and
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Example 5
Find the inverse of 
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Start with the augmented matrix 
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Use the elementary row operations to write the augmented matrix in reduced row echelon 
form.
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Although the last augmented matrix is not in reduced row echelon form, it is obvious 
from the last row that it will not be in the form [ I  B ].  Therefore, A has no inverse.
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