Notes on Function Transformations
Given the graph of a “parent function” y = f (x), one can use transformations to quickly graph variations of the parent one.  The most common transformations fall into three types – reflections, dilations, and translations.

Reflections

Reflections are called rigid transformations because they do not affect the general shape of the parent graph.  There are two types of reflections – vertical (over the x-axis) and horizontal (over the y-axis).  The vertical reflections are a result of negating the function values while the horizontal reflections are a result of negating the input values.

In other words, y = (f (x) would result in a vertical reflection over the x-axis.  The graph would be a “mirror image” about the x-axis and every y-value in f (x) would have its sign reversed.

If y = f ((x), then there would be a horizontal reflection over the y-axis.  This time the graph would be a “mirror image” about the y-axis and every x-value in f (x) would have its sign reversed.

Try graphing y = x 2 and y = (x 2 to visualize the vertical reflection.  For an example of the horizontal reflection, graph 
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Dilations

Dilations are called non-rigid transformations because the shape of the parent graph becomes “distorted”.  A dilation that distorts the original image into becoming larger is often called a stretch or expansion; one where the image becomes smaller is referred to as a shrink or compression.  As with reflections, there can be vertical or horizontal dilations.
Vertical dilations are a result of multiplying (or, in a sense, dividing) the function values.  When the factor is greater than 1, the dilation is a vertical stretch/expansion.  When the factor is between 0 and 1, the dilation is a vertical shrink/compression.

As an example, the graph of y = 3 f (x) would result in a vertical stretch by a factor of 3.  In other words, every y-value in f (x) would be multiplied by 3.  In contrast, the graph of y = (1/2)f (x) would result in a vertical shrink by a factor of 2.  This time every y-value would be halved.

Horizontal dilations are also a result of multiplication, but this time with the input values.  The results are counterintuitive based on what was observed in the vertical dilations.  Multiplying the input by a factor greater than 1 causes a horizontal shrink (not a stretch), while a horizontal shrink occurs when the input in multiplied by a value between 0 and 1.
This means that the graph of y = f (4x) would result in a horizontal shrink by a factor of 4 (every domain value in the original function would be divided by 4).  The graph of y = f (x/2) would be a horizontal stretch by a factor of 2 (each domain value would need to be doubled).
Try graphing y = sin(x), y = 4sin(x), and y = (1/2)sin(x) to see an example of the vertical stretch and shrink, respectively.  To see examples of horizontal stretches and shrinks, graph y = cos(x), 

y = cos(x/4), and y = cos(2x).
Translations
The last common transformation is the translation, often called a shift, and is another type of rigid transformation.  As with reflections and dilations, there are vertical and horizontal translations.  Vertical translations result in adding or subtracting values from the function value; horizontal translations result from the addition or subtraction of values from the input.

When a value is added to the function values, there is a vertical shift upward the same number of units as the value added.  For example, the graph of y = f (x) + 6 would be a copy of y = f (x), but shifted upward 6 units.  If the value where instead subtracted, the shift would be downward that number of units.
As was observed with the dilations, horizontal translations seem reversed from the vertical ones.  When a value is added to the input values, there is a horizontal shift to the left that number of units.  Likewise, a value subtracted from the input values results in a horizontal shift to the right that number of units.  For example, the graph of y = f (x ( 4) would be a copy of y = f (x), but shifted to the right 4 units.

To see an example of these four translations, try graphing y = |x|, y = |x + 1|, y = |x ( 2|,

y = |x| + 3, and y = |x| ( 4. 
Putting It All Together

The expression 
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 is often used to describe the above-mentioned transformations for any function.  Note the negative sign is part of the formula, not c.
· If a < 0, there is a vertical reflection.
· If b < 0, there is a horizontal reflection.

· If |a| > 1, there is a vertical stretch by a factor of |a|.

· If 0 < |a| < 1, there is a vertical shrink by a factor of 1/|a|.

· If |b| > 1, there is a horizontal shrink by a factor of |b|.

· If 0 < |b| < 1, there is a horizontal stretch by a factor of 1/|b|.

· If c > 0, there is a horizontal shift to the right |c| units.
· If c < 0, there is a horizontal shift to the left |c| units.

· If d > 0, there is a vertical shift upward |d| units.

· If d < 0, there is a vertical shift downward |d| units.
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