Curve Sketching Summary
The intent of this document is not to “teach” all there is to know about curve sketching, but rather provide a summary of the details and processes presented in class for sketching the graph of any given function.

As a general overview, these are the details one needs to look for when sketching curves (in no particular order):

· Domain and range
· x- and y-intercepts

· Vertical asymptotes

· End behavior (including horizontal or polynomial asymptotes)

· Intervals of increasing and decreasing behavior

· Relative extrema (maximum and minimum values)
· Absolute extrema (maximum and minimum values)
· Intervals of concavity

· Points of inflection

· Other points of interest (corners, cusps, vertical tangents, discontinuities, etc)

In the details that follow, assume the function is y = f (x).

Domain and Range

Finding the domain of a given function depends heavily on an understanding of the more common parent functions.  For the most part, assume the domain is all real numbers and exclude any values that makes…
· a denominator equal to zero, 
· a radicand to an even-indexed radical less than zero, 
· the argument to a logarithm non-negative, or
· tangent, cotangent, secant, or cosecant undefined.
In general, there is not a set way to find the range of any given function.  Instead, one can usually get a better idea of the range after finding other graph behavior details such as asymptotes, end behavior, and extrema.
Intercepts
To locate x-intercepts, set f (x) = 0 and solve for x.
To locate the y-intercept, evaluate f (0).

Vertical Asymptotes

Vertical asymptotes occur at x = a when one of the following is true:
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In reduced rational expressions, any value for x that causes the denominator to be equal to zero will cause a vertical asymptote.  Any value that causes tangent, cotangent, secant, or cosecant to be undefined also causes a vertical asymptote.
End Behavior

Horizontal asymptotes occur at y = L when one of the following is true:
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While the following expressions do not identify any asymptotic behavior, they can be used to describe what happens to a curve on the “edges”:
· When 
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, the curve goes “right and up”.

· When 
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, the curve goes “right and down”.

· When 
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, the curve goes “left and up”.
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, the curve goes “left and down”.

In rational expressions, if the numerator’s degree is less than the denominator’s, there will be a horizontal asymptote at y = 0.  If the degrees in the numerator and denominator are the same, there will be a horizontal asymptote at y = n/d, where n and d are the leading coefficients of the numerator and denominator, respectively.
You can also have a “polynomial asymptote” in a rational expression when the numerator’s degree is greater than the denominator’s (a slant asymptote occurs when the difference in degrees is one).  To find these, use long division to write the rational expression in “proper form” and then truncate the remainder’s term.  The asymptote’s equation will be the remaining polynomial.

Intervals of Increasing and Decreasing Behavior
Intervals of increasing and decreasing behavior can only change at critical points, so you must identify all critical points first.  To do so, find all values of x such that
· f ((x) = 0, and

· f ((x) is undefined.

Now break up the domain into subintervals with the critical points (some people use a “sign line” to illustrate this).  Plug in any value in each subinterval into f ((x).  If the result is f ((x) > 0, the function is increasing for that entire subinterval.  If f ((x) < 0, the function is decreasing.

Relative Extrema

Assuming continuity at x = a, when f (x) changes from increasing to decreasing (or f ( changes from positive to negative) at x = a, there is a relative maximum at the point (a, f (a)).
Assuming continuity at x = a, when f (x) changes from decreasing to increasing (or f ( changes from negative to positive) at x = a, there is a relative minimum at the point (a, f (a)).

If there is a discontinuity at x = a, you have to look at the other aspects of the graph’s behavior to see if the definitions of relative extrema are met.
Absolute Extrema

On a closed domain interval with no vertical asymptotes, simply compare the function values at the endpoints and the critical points.  The greatest value is the absolute maximum; the least value is the absolute minimum.

If there are vertical asymptotes in the domain interval being considered, check to make sure the asymptotic values do not exceed the possible extreme values.
On an open domain interval, you need to look at the other aspects of the graph’s behavior to see if the end behavior conflicts with the possible extreme values.
Intervals of Concavity
Intervals of concavity can only change at critical points, so you must identify all critical points first.  To do so, find all values of x such that
· f (((x) = 0, and

· f (((x) is undefined.

Now break up the domain into subintervals with these critical points (again, a “sign line” helps illustrate this).  Plug in any value in each subinterval into f (((x).  If the result is f (((x) > 0, the function has upward concavity for that entire subinterval.  If f (((x) < 0, the function has downward concavity.
Points of Inflection
Assuming continuity at x = a, when f (x) changes concavity (or f (( changes sign) at x = a, there is a point of inflection at (a, f (a)).

Other Points if Interest

A few interesting details in graphs occur that might not be obvious with the above information, so it might be worth noting the following:

· A vertical tangent occurs at x = a when f (x) is continuous and f ((x) approaches ( or ((.

· A cusp (or technically a spinode) occurs at x = a if f (x) is continuous and f ((x) changes from ( to (( or (( to (.

· A corner occurs at x = a if f (x) is continuous and f ((x) changes value.

· A jump occurs at x = a if f (a) is defined and 
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