Multiple Integrals
Double Integrals

A
 double integral is used to calculate the area 
under a surface over a bounded region.  In order to approximate the volume under a surface over a domain D, the domain can be divided into rectangles.  Each of these rectangles has an x and a y dimension denoted as Δx and Δy, respectively.  Therefore, the area of each rectangle is defined as: 
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When the region is divided into multiple rectangles, the area of each rectangle decreases and thus increases the accuracy of the approximation.  Dividing the region into rectangles requires two summations where one divides the domain
 into an m number of segments and the other divides the range 
into an n number of segments.  To complete the approximation, the (A must be multiplied by the function value at the points as designated by the approximation method.   Approximation methods vary according to which parts of the rectangular segments have been assigned; this can vary from the midpoint of the rectangular segments to the upper right corner and so forth.  This utilizes rectangular prisms to approximate the volume under the surface where (A represents the base and the various function values represent the height.   The formula to approximate the volume under the surface can be represented as:
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To obtain the actual volume under a surface, the partitions of the domain must be made infinitely small by finding the infinite limit of the double summations in the volume approximation.  As this limit approaches infinity, the error of the approximation approaches 0.  
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The domain D of the double integral can be broken into the components dx and dy, which produces the notation: 
To evaluate a double integral, the integrand must first be integrated relative to the first 
differential.  All variables other than that of the first differential are treated as constants.   The bounds for the inner integral are entered into the antiderivative, which then is integrated relative to the second differential.  

For example:
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Average Value

To find the average value of a three-dimensional function, the double integral must be divided by the area of the domain and can be algebraically represented: 
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Fubini’s Theorem

Fubini’s theorem states that the operators of the inner and outer integrals can be interchanged without affecting the integral value and can be algebraically represented as:
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This can be used to alleviate the difficulty of integrating with difficult bounds on the inner integral.

Polar Double Integrals

A function
 can be converted into polar form to find the integral
.  When converting to polar form, the Cartesian bounds must be translated into polar bounds.  The area must also be converted into polar form as denoted below: 
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Geometrically, the area of a polar rectangle, (A, is found by subtracting two sectors with two Δr values approaching 0.  Since they are both approaching 0 when taking the integral, they are equal when infinitely small.  Algebraically, the (A can be calculated as such:
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To convert the equation to polar, rcosθ can be substituted for x and rsinθ for y.  The final integral can be represented as:
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Triple Integrals
A triple integral has a three-dimensional domain.  Since the resulting function exists in four dimensions, the function cannot 
be represented graphically.  However, some mathematicians label the results of a triple integral as hypervolume.   The formula for calculating a triple integral can be determined as:
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Cylindrical and Spherical Coordinate Conversions

A triple integral can be calculated by converting an equation from the Cartesian coordinate system to the cylindrical coordinate system to alleviate the difficulty of integrating some equations in Cartesian form.

To convert into cylindrical:
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A triple integral can be calculated by converting an equation from the Cartesian coordinate system to the spherical coordinate system to alleviate the difficulty of integrating some equations in Cartesian form.

To convert into spherical:
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Mass, Density, and Surface Area

Mass and Density

With double integrals, it is possible to find the mass of a lamina that does not have uniform density.  The density equation ρ(x,y) is conceptually mass over area, but a single point has no area so the density equation is such that:
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From this explanation of the meaning of the density equation, the total mass of a lamina can be found by adding an infinite amount of what can be thought of as densities at single points.  
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Surface Area
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The surface area of a parametric surface, r(u,v) can be found by dividing the surface into an infinite number of parallelograms.  The area of the parallelograms, determined by the magnitude of the cross product of the vectors defining it edges, a and b, is added to find the area of the surface.
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T
he surface area of a function defined within the spherical coordinate system can also be found.  The function for calculating surface area in spherical coordinates is:
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�I rearranged this sentence to sound better.


�“volume”


�“one direction”


�“second direction”


�“ij” added to (A


�I suggest “inside” instead of “first”.


�I changed “dxdy” to “dA”


�“An integral in rectangular form”


�“so that its evaluation can be made easier.”


�“easily”


�I’m not sure this needs to be included, but feel free to do so (it depends on how you address this in the Ch12 problem).
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