Three-Dimensional Coordinate Systems
Rectangular Coordinate System


The rectangular coordinate system is made up of the x-, y-, and z-axes.  Just like in the xy-plane, points are expressed as coordinates containing all of the variables in the form (x, y, z).  In order to find the location of a point, follow the x-axis from the origin to the x value on the x-axis and then move y units parallel to the y-axis.  Finally, move parallel to the z-axis a total of z units. 

Cylindrical Coordinate System


Cylindrical coordinates are found in the form (r, θ, z).  The radius, r, is the distance in a positive or negative direction from the z-axis.  Theta
 (( ) is the degree of rotation
 on the xy-plane where the angle originates from the positive x-axis and rotates counterclockwise towards the positive y-axis; theta is not restricted in this system.  Finally, move z units parallel to the z-axis to arrive at the designated point.   

Spherical Coordinate System


A point is defined as ( (, (, ( ).  Rho ( ( ) is the distance from the origin and is always positive.  Theta
 (( ) is the degree of rotation on the xy-plane where the angle originates from the positive x-axis and rotates counterclockwise towards the positive y-axis; theta is restricted from 0 to 2( in this system.  Phi (( ) is the angle rotated down from the positive z-axis and is restricted from 0 to (.  These restrictions make each point have a unique set of coordinates.  This system helps to graph functions that are rough or “choppy” in the rectangular coordinate system
. 

Conversions

A
 list of conversion equations is provided, with conversions between all three coordinate systems listed below:


R
ectangular and Cylindrical:
Rectangular and Spherical:
Cylindrical and Spherical:
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Vector Geometry
Description of a Vector


A vector indicates a quantity that has both magnitude and direction.  A vector is often represented graphically by an arrow or a directed line segment.  The length of the arrow represents the magnitude of the vector and the arrow points in the direction of the vector.  The point where the vector starts is referred to as the initial point, whereas the point where the vector ends is called the terminal point.  The equation 
of a vector can be found by subtracting the components of the initial point from the respective components of the terminal point. 
Vector Notations

Vectors are 
denoted by either bolding a letter 
or writing an arrow above the letter.  To display the components of the vector, either enclose the individual components in angle brackets or use a combination of special unit vectors, denoted as i = < 1, 0, 0 >, j = < 0, 1, 0 >, and k = < 0, 0, 1 >.  These unit vectors point in the directions of the positive x-, y-, and z-axis, respectively, and multiply by the appropriate scalar multiple.  In other words, the vector < 3, 2, (1 > can also be written as 3i + 2j – k.

Magnitude

The magnitude of a vector v is the scalar value which represents the length of that vector and is denoted by the symbol |v| or ||v||.  The magnitude of a given vector is equal to the square root of the sum of each of the vector’s components squared
.  For example, let
 b = < x, y, z >.  Given this vector
, the magnitude can be calculated based on the following equation
:
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Unit Vector


A unit vector is a vector which has a magnitude of one.  It is obtained by taking a vector and dividing each individual component by its
 magnitude.  This new vector has the same direction as the original vector, only now it has a magnitude of one
.  A unit vector is important when a vector of a certain length is needed because it can easily be multiplied by any scalar number to achieve any magnitude.  Unit vectors are also useful when only direction, and not magnitude, is required for calculations.  The unit vector of vector b (from the previous example) would be:
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Addition, Subtraction, and Vector Multiplication

Adding Vector Functions


From a geometric perspective, if a and b are vectors positioned so the initial point of b is at the terminal point of a, then the sum a + b is the vector from the initial point of a to the terminal point of b.


To algebraically add two vectors together, simply add their corresponding components.  For example,
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Subtracting Vector Functions

Geometrically, if a and b are vectors positioned so that both vectors share the same initial point, then the resultant vector a – b is the vector from the terminal point of a to the terminal point of b
.  The vector a – b can also be interpreted as the sum of a and 
opposite, or negative, of b.

The difference a – b means that a – b = a + ((b).  For example, 
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Scalar Multiplication of Vectors
To multiply a vector by a scalar value, multiply each component by that number.  For example,
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There are two other ways to multiply vector functions
, known as the dot and cross product, which will be discussed in greater detail later on.

Vectors and Force (Equilibrium Example)
Forces are represented well by vectors because they have both a magnitude and a direction.  If several forces are acting on an object, the resultant force experienced by the object is the vector sum of these forces.  Below is an example of using vectors to illustrate multiple forces acting on an object.
A 100- lb weight hangs from two wires off a ceiling.  The two wires hang down from the ceiling at 
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and 
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 respectfully.   Find the tensions and magnitudes of both wires.
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Let us define wire 1 as 
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 and wire 2 as 
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.  We first express 
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 in terms of their horizontal and vertical components.
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The resultant 
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 of the tensions counterbalances the weight 
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 and so we must have
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Thus
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Equating components, we get
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Solving the first of these equations for 
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 and substituting into the second, we get
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So the magnitudes of the tensions are
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Substituting these values in the original component equations, we obtain the tension vectors
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The Dot Product


The dot product, also known as the scalar product (which is not to be confused with scalar multiplication), between two vectors can be defined 
as
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where θ is the smallest angle between the two vectors (assuming they have the same initial point).

However, this method is tedious
 since it requires the magnitudes of both vectors and the angle between the two vectors.  Thus, the second
 formula for finding the dot product of two vectors
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is used much more frequently, where n represents the number of components in each vector.  The dot product can come in handy when dealing with problems involving force and displacement because they allow two vectors to be combined into a scalar number representative of work.  It also helps to determine the angle between two vectors and is necessary for other calculations such as vector projections. 

Proving Orthogonal Vectors


Two vectors (a and b) are orthogonal if and only if 
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  The zero vector, denoted as 0, is said to be orthogonal to all vectors. 

Angle between Two Vectors


When two vectors (a and b) start at the same point
, they form an angle.  To determine the angle, we must calculate the dot product between the two vectors
.  Then, we must set both definitions of a dot product equal to each other and
 isolate (.
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Work and the Dot Product

Work can always be separated into vertical and horizontal components
.  These components are vectors but work is a scalar quantity, so a dot product must be calculated between the vectors.
For example:

A crate is hauled 8 m up a ramp under a constant force of 200 N applied at an angle of 25 degrees to the ramp.  Find the work done.  If F and D are the force and displacement vectors, then using the dot product the work is 
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Vector and Component Projections

If there are two vectors a and b, then the projection
 of b onto a can be defined as
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 and can be evaluated as:
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If
 an imaginary line perpendicular to vector a was drawn from the tip of vector b down to vector a,
 the vector projection of b onto a would be the vector that begins where the vectors meet and ends where the imaginary line meets vector a.
 


A scalar (or component) projection can be defined as the magnitude of a vector projection.  The component projection can be found using 
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The Cross Product 


The cross product of two three-dimensional vectors, a and b, is written as a ( b.  This results in a vector that is perpendicular to both a and b.  The cross product is defined geometrically as
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where θ is the angle between a and b and n is a unit vector perpendicular to both a and b.
  If a and b are not parallel, there are exactly two unit vectors perpendicular to a and b.  If the angle between a and b is 0 or π, then a and b are parallel (if sin θ = 0, then a ( b = 0).

Algebraically, the cross product is defined with components.  If 
[image: image40.wmf]123

,,

a

aaa

=

 and 
[image: image41.wmf]123

,,

b

bbb

=

, then


[image: image42.wmf]133131131221

,,

ab

abababababab

´=---

.


The resultant normal vector is perpendicular to both a and b.  The cross product is used primarily for finding orthogonal vectors and proving that vectors are parallel. 

P
roperties of the Cross Product

a ( b = (b ( a
(ca) ( b = c(a ( b) = a ( (cb)

a ( (b + c) = a ( b + a ( c
(a + b) ( c = a ( c + b ( c
a ( (b ( c) = (a ( b) ( c
a ( (b ( c) = (a ( c)b ( (a ( b)c
Proving Parallel Vectors 


Two nonzero vectors are parallel if they are scalar multiples of one another.  They are also parallel if their cross product is equal to the zero vector.  
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Area of Triangles and Parallelograms


The areas of triangles and parallelograms can be found rather easily with the help of vectors.  To find the area of a triangle using vectors, two sides of the triangle of interest must be converted into
 vectors.  These two vectors must have the same initial point (they start at the same vertex), but different terminal points.  The area of a triangle is equal to one-half
 the magnitude of the cross product of those two vectors,  
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Similarly, finding the area of a parallelogram is done in much the same way, as in that two vectors with identical initial points but differing terminal points must be found on the edges of the parallelogram of interest.  The area of a parallelogram is then equal to the magnitude of the cross-product of those two vectors,
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Torque 

[image: image66.png]


The magnitude of torque can be represented by the magnitude of the cross product of r and F, where r is the position vector of the end point of a rod and F is the vector of the force on the rod.  The formula is written:
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It can also be represented by
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where θ is the smallest 
angle between the two vectors (assuming they have the same initial point).
Torque Example


A bolt is tightened by applying a 40 N force to a .25 m wrench at angle of 60 degrees.  Find the magnitude of torque about the center of the bolt.

Magnitude of the torque vector equals:
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Lines and Planes in Space
Definition of Lines in Space


A line in space is defined as r(t) = r0 + tv.  The position vector, defined as r, changes by a scalar amount of the product of t and vector v, which is parallel to the line being defined.
  The result is a changing vector r with its initial point at the origin and its terminal point.
[image: image49.jpg]




Forms of Linear Equations


The equations for lines in three-dimensional space can be written in many forms.  One uses the mathematics behind parametric equations, displaying the line as three parts, x = x0 + at,               y = y0 + bt, and z = z0 + ct, where x0, y0 and z0 are the x-, y-, and z-components of a point on the line; a, b, and c are the x-, y-, and z-components of the directional vector of the line, and t is the independent variable.

A second option displays the line as a single vector function, once again with independent variable t.  Lines in three-dimensional space are often written in vector notation,

r(t) = < x0 + at, y0 + bt, z0 + ct >.

Symmetric equations are a reworking 
of the scalar 
form,
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Definition of Planes in Space

A plane can be defined as an infinitely large, perfectly flat surface.  A plane is most commonly 
defined by a point and a normal (perpendicular) vector to that plane.  Planes in three-dimensional space
 have several interesting properties.  If two different planes in (3 have normal vectors that are scalar multiples of one another, they are considered parallel.  Any two 
planes that are not parallel intersect in a line.

Planar equations take three
 common forms, each 
of which is
 based off of 
the definition of a plane using a point and a normal vector:

Vector Equation – A plane can be defined by a simple equation using n, the normal vector, and r0, a position vector for a point in the plane.  This equation relies on the property of the dot product where two normal vectors have a dot product of zero.  The equation is                 n ( (r ( r0) = 0, where r is a set of position vectors for every point in the plane.

Scalar Equation – By substituting scalar components into the vector equation above, a scalar equation representing a plane can be found.  Given n = < a, b, c >, r = < x, y, z >, and            r0 =  < x0, y0, z0 >, the scalar equation of the plane is found to be

< a, b, c > ( < x ( x0, y ( y0, z ( z0 > = 0

a(x ( x0) + b(y ( y0) + c(z ( z0) = 0.

This is sometimes rewritten as ax + by + cz + d = 0, where d = ((ax0 + by0 + cz0).

Distance Between a Point and a Plane

In order to find the shortest distance between a point and a plane, three pieces of information are required:  the point in space (r1 = < x1, y1, z1 >), any point on the plane (r0 = < x0, y0, z0 >), and the normal vector to the plane (n = < a, b, c >).  The latter two can easily be extracted from any of the planar equation forms listed above.  The shortest distance between a point and a plane can be defined as the absolute value of the plane function divided by the magnitude of the normal vector, or

D = 
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Parallel, Intersecting, and Skewed Lines

In a three-dimensional system, two lines can either be parallel, intersecting, or not be parallel but also not intersecting (skew).  The easiest procedure to determine the relationship between two lines requires checking if they are parallel first.  Two lines are also parallel if the cross product of the two vectors is equal to the zero vector. Furthermore, two parallel lines are scalar multiples of each other.
  If lines are not parallel, then use a system of equations to see if the lines are either intersecting or skew
.  Set two components of each line equal to each other and solve the system of equations. 
 
For example:

v = < 1 + t, 3 ( 2t, 2 ( t >

r = <2 ( 3s, 4s, 1 + 5s >
1 + t = 2 ( 3s
3 ( 2t = 4s
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If the lines are intersecting, then this equation would be true.  If the equation is false, the lines are skew where they are neither intersecting nor parallel.

Angle between Planes


To find the angle between two intersecting planes, extract the normal vectors a and b of each plane.  To make sure the planes are not parallel, check that the normal vectors are not scalar multiples of each other.  The angle between the two normal vectors is the same as the angle between the two planes.  Calculate the angle between the two normal vectors using the dot product  
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This (  represents the angle between the two planes.

Functions and Surfaces
Defining Functions in Two Variables

A function f of two variables is a rule that assigns to each ordered pair of real numbers (x, y) in a set D a unique real number denoted by f (x, y).  The set D is the domain of f and its range is the set of values that f takes on,
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The range is defined by all the possible outputs of the function just as in two dimensions,
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Common Graphs

There are many graphs that are common in multiple coordinate systems:

The parent function of a sphere in which the center is the point (h, k, l) and r is the radius of the sphere is expressed as

Rectangular: (x – h)2 + (y ( k)2 + (z ( l)2 = r2
Spherical: 
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The parent function of a plane which contains the point (h, k, l) with normal vector < a, b, c> is

[image: image58.wmf]()()()0

axhbykczl

-+-+-=

.
[image: image59.png]




Traces and Quadric Surfaces


Traces can be seen as cross-sections of a three-dimensional function or equation
.  They are used to determine what a three-dimensional equation will look like when graphed.  A trace is obtained setting one variable to a number; resulting in an equation with can be graphed that is identical to the three-dimensional graph when the variable changed is equal to the number it was changed to.  
These traces of the graph can be combined to show what the three-dimensional graph looks like, and is commonly used as a method for programs to graph equations of three dimensions. 

Any three dimensional equation defined in terms of x, y, and z.  There are 13
 different kinds of quadric surfaces.  A surface is usually named by a noun and an adjective or a parent and a modifier.  Bases include ellipsoid, hyperboloid, and paraboloid.  Possible modifiers are: elliptic, hyperbolic, linear, and parabolic.  When examining the traces of an equation on the xy-, yz-, and xz-planes, two traces that have similar shape determine the graph’s base name, and the remaining trace is modifier. 

Below 
are some examples of quadric surfaces.

An ellipsoid 
occurs when all of the traces are ellipses:
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Elliptic paraboloids have traces of ellipses and parabolas.
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Hyperbolic paraboliods have traces of hyperbolas and parabolas.
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Hyperboloids in one sheet have an axis of symmetry that corresponds to the variable whose coefficient is negative.

[image: image63.emf]
Hyperboloids in two sheets are indicated by two minus signs in the equation.
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Cones are a degenerate 
case of hyperboloids where the upper and lower halves come together at a point.
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