AP Calculus BC – Power Series Unit

Standards
* Adapted from the Calculus Course Description (2007) released by CollegeBoard.
Taylor Approximations and Power Series

· Taylor polynomial approximation, including graphical representations

· Error using Taylor polynomial approximation, including Lagrange error bound

· Maclaurin series and Taylor series centered at x = a
· Maclaurin series for e x, sin x, cos x, and 1/(1 – x)

· Finding new series from existing know series

· Function operations, differentiation, and integration of Taylor series

· Functions defined as power series

· Radius and interval of convergence of power series

Unit Outline and Assignments
* Textbook section numbers and assignment taken from Stewart’s Calculus: Concepts and Contexts, 2nd Edition.

Lesson 1 – Taylor Polynomials (1 Day)

· Develop formula for Taylor polynomials and use it to approximate function values
· Assignment:  Section 8.9, Page 633, Exercises 1-10

Lesson 2 – Error Analysis (2 Days)

· Analyze error from using Taylor polynomials using graphs, the Alternating Series Estimation Theorem, and Taylor’s Inequality
· Assignment:  Section 8.9, Page 633, Exercises 11-21 (odd)

Lesson 3 – Power Series (1 Day)

· Define a power series and its radius and interval of convergence
· Assignment:  Section 8.5, Page 604, Exercises 3-17 (odd)

Lesson 4 – Taylor and Maclaurin Series (1 Day)

· Define Taylor and Maclaurin series
· Assignment:  Section 8.7, Page 621, Exercises 3-6, 9-12

Lesson 5 – Applications of Power Series (2 Days)

· Differentiate, integrate and use function operations with power series
· Assignment:  Section 8.6, Page 610, Exercises 21, 22, 30

· Assignment:  Section 8.7, Page 621, Exercises 18-20, 32, 34, 35, 38, 39

Taylor Polynomials ( Lesson Plan

Review linearization formula: 
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Find the linearization of y = ex at a = 0 as an example.

Show a graph of the original function and the linearization.

Use L(x) it to approximate e0.1.

Stress the fact that 
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Suggest that a quadratic formula in the form 
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 might be a better approximation of f (x) since the second derivatives would also be equal to each other.


Algebraically show…
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Therefore, a quadratic approximation formula would be…
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Find this approximation using y = ex at a = 0 as an example.

Add its graph to the function and linearization.  Compare its accuracy to that of the linearization’s.

Use it to approximate e0.1 and compare to the linearization’s approximation.

Obviously, a higher-degree polynomial would yield an even better approximation, so the trick is to find a formula for the coefficients cn.
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Use the algebra from above to develop the fact that 
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Use a Taylor polynomial of degree 4 to approximate y = ex at a = 0.

Compare its graph and value of e0.1 to the previous approximations.

Extra examples.

Use a Taylor polynomial of degree 5 to approximate y = sin x at x = 0.  Use T5 (x) to approximate sin(0.2).

Use a Taylor polynomial of degree 4 to approximate 
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Show how to find Taylor polynomials on the TI-89.

Use one or more of the examples in the lesson.

Error Analysis ( Lesson Plan

Recall that the error in using a linearization is 
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The error in using a Taylor polynomial of degree n is 
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There are three methods of working with error:  graphically, the Alternating Series Estimation Theorem, and Taylor’s Inequality.

Approximations using graphs are the most efficient if you have a calculator

When looking for the accuracy on a given interval, graph 
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 in a window with the same dimensions (ZoomFit works great).  Find the error values from both edges, rounding up for safety.  The greatest value is the accuracy. 

When looking for the greatest interval for a given accuracy, graph 
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 and the error.  Find their intersection, rounding in toward the center for safety.

Approximations with ASET are convenient if the appropriate conditions are met (review AST).

Stress that you can use this method only if Tn(x) appears to be the nth partial sum to an alternating series.  Make sure the pattern doesn’t “disappear” after more terms (this will probably make a little more sense after discussing power series).


The ASET can be rewritten as…
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When looking for the accuracy on a given interval, use the x-values of each endpoint in the bn + 1 expression.  After rounding up for safety, the greatest value is the accuracy.

When looking for the greatest interval for a given accuracy, set up and solve the inequality 
[image: image18.wmf]1

()

nn

errorRxb

+

=<

.  The solution is the interval (using < instead of ( takes care of rounding).

Taylor’s Inequality Theorem works for all Taylor polynomials, but it isn’t always the easiest method.  It states…

if 
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When looking for the accuracy on a given interval, first find an appropriate M-value.  Then use it and the x-values of each endpoint in the theorem’s expression.  After rounding up for safety, the greatest value is the accuracy.

When looking for the greatest interval for a given accuracy, first find an appropriate M-value.  Then up and solve the inequality 
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.  The solution is the interval (using < instead of ( takes care of rounding). 

Example:  Suppose the function f (x) = ln x.  Find the maximum error of using the Taylor polynomial of degree 3 centered at a = 1 on the interval [0.5, 1.5].


Note that 
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3

11

()(1)(1)(1)

23

Txxxx

=---+-

.

Graphically, the error function has endpoints at (0.5, 0.0264805) and (1.5, 0.0112016).  Using the largest of those values (rounding up for safety), shows that the maximum error is 
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Using Taylor’s Inequality, notice that 
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Both endpoints on the interval show that 
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Example:  Suppose the function f (x) = sin x.  Find the interval such that using the Taylor polynomial of degree 5 centered at a = 0 is accurate within 0.001.


Note that 
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Graphically, the error function and y = 0.001 intersect at ((1.26392, 0.001).  Rounding toward the center, the interval with the desired accuracy is [(1.263, 1.263].
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Using the ASET with 
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 (since there is no n = 6 term, skip to the 7th).  Set up and solve the inequality…
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Rounding in toward the center, the interval of desired accuracy is [(1.259, 1.259].

Using Taylor’s Inequality with M = 1, you get the same interval as with ASET (as before, there is no n = 6 term so you have to assume n + 1 is 7).
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Power Series ( Lesson Plan

In general, a power series centered at a is defined as…
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Think of a power series as an infinite polynomial.

When defining power series, you can either write out the first three non-zero terms with the general term or write the summation expression with the general term.

A simple example is the geometric power series 
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.  Here the center is a = 0 and the coefficients are cn = 1.

In any given a power series, it is important to understand that the series might converge for some values of x and diverge for other x-values.

The interval of convergence describes the interval that consists of all x-values for which a power series will converge.  The radius of convergence, R, is the distance from the center a to the edge of the interval.

The Ratio Test is helpful when finding the radius of convergence, but it is often inconclusive at endpoints.  Therefore, endpoints have to be tested individually to find the interval of convergence.

Recognizing the power series as a geometric series is even more helpful because the endpoints always diverge due to the convergence condition that |r| < 1.

Example:  Find the radius and interval of convergence for 
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This geometric power series converges when |x| < 1, so the interval of convergence is ((1, 1).  The radius of converge is R = 1, the distance from the center to the edge of the interval of convergence.

It is interesting to note that the infinite sum of the series is 
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.  This, in combination with the convergence information, tells us that the power series and the function 1/(1 ( x) are identical on the interval ((1, 1).  You can graph a few partial sums (which are Taylor polynomials, for the record) with the rational function to see this.

Example:  Find the radius and interval of convergence for 
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Note that this is indeed a power series centered at a = 3 with cn = 1/n.


By the Ratio Test, the power series will converge when…
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Solving the inequality, we see that all values 
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 cause the power series to converge.  But the endpoints must be tested individually (notice how x = 2 and x = 4 would cause the Ratio Test to be inconclusive).

If x = 2, the power series becomes 
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If x = 4, the power series becomes the harmonic series 
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Therefore, the interval of convergence is [2, 4).  The radius of convergence is R = 1.

Example:  Find the radius and interval of convergence for the power series 
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By the Ratio Test, the power series will converge when…
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Since 0 < 1 is always true, this power series will converge for all x-values.  The interval of convergence is (((, () and the radius of convergence is described as R = (.

Example:  Find the radius and interval of convergence for the power series 
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By the Ratio Test, the power series will converge when…
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The only way this power series can converge is if x = 0 (all other x-values cause the limit expression to approach ().  In this case, the radius of convergence is R = 0 and the “interval” is best described as the set {0}.

The last three examples illustrate the only possibilities regarding the convergence of a power series.


(i)
The radius of convergence is R = 0 and the series will only converge at x = a.


(ii)
The radius of convergence is R = ( and the series will converge for all x-values.

(iii)
The radius of convergence is R > 0 and the series will converge if |x – a| < R.

Taylor and Maclaurin Series ( Lesson Plan

If a function has a power series representation centered at a, it is defined as…
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where 
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.  Notice that this is the same formula for the coefficients as used with Taylor polynomials.  For this reason, the power series is called a Taylor series centered at a.


If the Taylor series is centered at a = 0, it is often referred to as a Maclaurin series.


The only real trick is trying to find a formula to represent cn.

The above formula only applies if a power series representation exists.  Taylor’s Inequality can be used to prove the existence of such a series, but this is almost beyond the scope of our course.  We will just assume the power series existence in our examples.

Note that a change in the center of a power series can not only affect the formula, but the radius of convergence as well.

Example:  Write the Maclaurin series for f (x) = ex.  Find its interval of convergence.


Since f (n)(0) = e0 = 1, cn = 1/n!.  The center is a = 0.
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By the Ratio Test, the interval of convergence is (((, ().

Example:  Write the Taylor series for f (x) = ex and a = 1.  Find its interval of convergence.


This time, since f (n)(1) = e1 = e, cn = e/n!
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By the Ratio Test, the interval of convergence is (((, ().

Develop the following Taylor series…
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Interval of convergence is (((, ().
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Interval of convergence is (((, ().

Applications of Power Series ( Lesson Plan

Now that power series have been introduced, let’s explored some of their uses.

Function combinations apply to power series, including composition.  This fact can be used to find new power series from existing ones, which is often quicker than starting “from scratch”.

The new power series can then be used for various calculations, many of which will be addressed in the next lesson.

Example:  Find a power series representation for 
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Recall that the geometric power series is 
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You can test to see that the interval of convergence is ((1, 1).

Example:  Find a power series representation for 
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Recall that 
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You can test to see that the interval of convergence is (((, ().

Example:  Find a power series representation for 
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Recall that 
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.  Simply multiply by x…
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You can test to see that the interval of convergence is (((, ().

Example:  Find a power series representation for 
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Rewrite as…
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This answer can be written several different ways, including 
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You can test to see that the interval of convergence is ((2, 2).

Example:  Use power series to evaluate 
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Start with the power series for ex and “build” the function from it.
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This evaluation can be verified using l’Hospital’s rule.

Functions that have power series representations can be derived using the power rule.
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Special attention must be paid to the summation’s starting index.  If the first term of the initial series is a constant, when derived it will become 0 and the new series will start at  n = 1.  If the first term is not a constant, however, the derivative will start at n = 0. 

The radius of convergence of the derivative will be the same as the original function.  The interval of convergence might be different, however.

Functions that have power series representations can also be integrated using the series form.  
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Don’t forget the constant of integration.  Unlike deriving, you don’t have to worry about the summations index unless the series can be rewritten to include the constant of integration

The radius of convergence of the derivative will be the same as the original function.  The interval of convergence might be different, however.

Example:  Find the rate of change in the Bessel function 
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 when x = 1.

To get a better understanding of the derivative, let’s write out a few terms…
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Deriving the individual terms shows that the power rule works on the series itself…
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Note that the starting index had to be adjusted to n = 1 since the first term of f was a constant and became 0 when derived. 


To find the rate of change, evaluate 
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By the ASET, the next term would be 1/18,432.  Therefore, this value is correct to at least three decimal places.

Example:  Find a power series representation for 
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Using a geometric power series, we see that 
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By the power rule…
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Since 
[image: image78.wmf]7

1

rx

=-<

, the interval of convergence is ((1, 1).

Example:  Evaluate 
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 correct to two decimal places.


Recall 
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When evaluating the definite integral, it’s easier to write out several non-zero terms…
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By the ASET, the next term would be 1/216.  Therefore, this value is correct to at least two decimal places.

Example:  Find a power series representation for 
[image: image83.wmf]1
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Recall that 
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Note that…
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Use the fact that 
[image: image86.wmf]1
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Therefore…


[image: image88.wmf](
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By the Ratio Test, the interval of convergence is [(1, 1].
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